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We consider a certain class of systems of linear differential equations
with periodic coefficients which have the property that, by means of the
Laplace transformation, they may be converted to a system of linear
difference equations. The latter may be solved by the method of infinite
determinants, i.e. the method of Hill [1-7]. We consider the convergence
of a certain type of infinite determinants which are not normal [3]. 1n
the particular case of a single differential equation with sinusoidal
coefficients we construct the Laplace transform of the solution by means
of continued fractions [8]. We study the dynamical stability of the
solutions of certain differential equations which occur in engineering

[6].

Capital letters denote matrices and vectors, while lower-case letters
refer to scalars. A matrix which depends upon a certain variable will be
said to be holomorphic (or bounded, etc.) in a certain domain provided
that each element of the matrix is holomorphic (or bounded, etc.) in this
domain. By the application of the Laplace transformation [9] to the
matrix Y(t) (t > 0) is meant the application of the Laplace transformation
to each of the elements of the matrix Y(t¢) (¢t > 0). The correspondence
between the original matrix Y(¢) (¢ > 0) and its transform F(p), supposed
to be continued analytically to its entire domain of existence, will be
denoted simply by

Y (1)< F (p) (0.1)

1. Consider a system of linear differential equations with periodic
coefficients of the special form
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1
D et L (d)Y () = D (1) (1.
q=—1

Here Y(t) is an m-dimensional vector, w # 0 is a purely imaginary
number, ! is a finite number, Lq(d) is a linear differential operator

n
Ly(d) = Z Agdi (I\d - ;—Zt) (1.2
=0

and the qu are constant, complex, m-by-m matrices such that

qu = E} ag Y ﬂl'm (g==0,=1,...,21, 7=0,1,...,1, A= ... -'!qui D sz ()

(1.3)
with the matrix E being the identity matrix. let us seek the solution
Y(t) of the system (1.1) satisfying the initial conditions

Y (0)=Y, ", .. ., ¥ 0) =y, (1.4)

In order to do this, let us suppose that ®(t) (¢t > 0) possesses a
Laplace transform Q(p) which is regular and bounded for Re p » b.

Applying the Laplace transformation [9] to the system (1.1) for
t > 0, and using (0.1), we obtain for F(p) the system of linear differ-
ence equations

1
D) Ly(p - 0g) F (p+ og) = R(p) (1.5)
q=—1
where
! n—1 n
R(PY=0(p)+ 2 Yalp+og), F(p)=2 2 Aa¥p™7 " (10
q=—1 J=0 k=j+1

Let us seek a solution F(p) of the system of difference equations
(1.5) which is regular and bounded for Re p >b,/(b; = const). Such a
solution, for example, is the transform of Y(t) itself. Replacing p+ wk
by p in (1.5), and then dividing through by (kw)® (k # 0), we obtain
instead of (1.5) the following infinite system of linear algebraic equa-
tions in the quantities F(p + wk) (k= 0, £ 1, £ 2, ...):

2
D (koY Ly(p+ ok +g) F(p+ ok +q) = (ko) " R(p-+ok) (0
==t (1.7)

where p may be considered as a parameter in the coefficients. Further,
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in order not to have to consider the special case k = 0 in particular,
let us include (1.5) in (1.7) by agreeing to regard (kw)™™ as equal to
one when k = 0.

The matrix determinant of the system (1.7) is itself a quasimatrix
with quasimatrix elements ((k - ¢)w)” "L (p + wk). This determinant,
which will be denoted by A(p), has the form

.................................

{ 0 " Ly(p+ ©) o " La(p) @ "La(p—o0) :
A(p)= | - Li(p+ ) Ly (p) Ly(p—w) 1 (1.8)
|+ (o L(pto)—o) ™ L (p) (—0) " Lo(p— ) .

..................................

2. Consider the sequence of determinants A (p) (y =1, 2, ...), con-
taining (2y —~ 1)m rows and columns, whose matrix is obtained from the
matrix of the matrix determinant A(p) in such a way that the quasi-
element L (p) lies at the center of the determinant A.y(p).

Suppose that % is a finite domain of the plane of the complex variable
p. Consider the convergence in X of the determinant A(p) and of the
algebraic complements of the elements of the column which contains L (p);
that is, the convergence of the determinants A (p) as ¥ » =, and the
convergence of the algebraic complements of the corresponding elements
occurring in A (p) (y is supposed to be sufflc:.ently large). Let us de-
note the elements of the determinant A(p) by ¢, q (p) where the sub-
scripts and superscripts mean that the element cr 2%(p) lies on the
intersection of row s and column r of the quasi-element & "L _(p + wk).
From (1.2} and (1.3) it follows that the elements along the principal
diagonal are given by

0' . Clp+a,>"t l I Pt a, iy +a,%
¢ p\) - o e e e Py (2.1)
(ko)
r=1,. 1, BE=0,x1,2 ..}
. n—1 1 .4 2 “r—1 _n—
ot s p gy als" ;cn_la;‘rn p—rag,.n *+ st 1+,,.+a§,‘.’(2.2)
—q)o ' {(k—q)o)* T ((k—q)o)"
(s,r:‘!._,,..,m, g=0,=1,. ., =8, k=0,24,22 .. sstr gor ¢ = 0)

a) If ag¢ = 0(s £ r when g = 0), then the determinant A(p) may be re-
duced to the class of normal determinants [3 ], One only needs [2] to
multiply each column consisting of the elements (2.1) by

exp {— (Cap - a1y [ ka} (k=%1,22,.. . r=12,..

., m)

This transformation does not alter the value of the determinants
A(p), and the sum of all the elements of the infinite determinant (not
counting the ones along the main diagonal) converges absolutely and
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uniformly for p&=2Z . Consequently, A,y(p), and the algebraic complements
to the elements on the columns which pass through L (p), converge uni-
formly for pe=X to functions p which are holomerphic in X; and hence
all of them are bounded in absolute value by a certain constant.

b) If aqk # 0 (r # s when ¢ = 0), then one no longer has the absolute
convergence of the elements off the main diagonal. Let us order these
elements c (p) k # 0, which lie along the diagonal as follows: the

element coa(p) precedes csgip) provided that |a| <|y}|; if |a]| = |¥],
t.hena>y, if a =y, then 8> 8.

Consider the diagonal element c (p) and the elements ch(p} of the

column passing through the element c (p) lying below it for k > 0 (and
above for k < 0) and belonging to the quam-element

(k—q@) @) "Ly (p + wk), k>1, k—qg>1 <t k—g<—1)

. . ok =1
Let us multiply the row containing the element ¢, (p) by aJ:™", and

subtract it from the corresponding row containing the element cg‘;‘(p),
and so forth. Let us proceed analogously with the elements in the rows
lying to the right for k> 0 (to the left for k < 0), but only for k > 1,
k-g>1(k<-1, k-gg-1).

The determinant A*{(p) so obtained may be reduced to the type of deter-
minant considered in (a). In order to do this it is necessary to carry
out a countable number of operations, and it may be verified that the
determinant A, (p) may be expressed as a linear combination of a finite
number of the minors of the determinant A,y (p), and that A (p) - A*(p)
as y » o, pc=3 . The algebraic complements to the elements lymg in
the columns passing through L,(p) in the determinant A(p) may be ex-
pressed as linear combinations, with coefficients which are bounded in
absolute value, of the corresponding columns in the determinant A*(p).

Thus, in view of the arbitrariness of the domain ¥, the following
theorem has been proved:

Theorem 2.1. The determinant A(p) in (1.8), and the algebraic comple-
ments of the elements lying in the c#lumms which pass through L,(p), con-
verge to entire functions of p which are uniformly bounded in absolute
value on each finite domain X of the complex variable p. For pe=2Z the
convergence is both absolute and uniform.

Note 2.1. The determinant A(p) and the algebraic complements of the
elements in the cqlumns passing through Lo(p) are entire functions of the
coefficients o 9 of (1.3).
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Note 2.2. If A(py) = 0, then A.y(p) will have a zero which is arbitra-
rily near to p, whenever y is sufficiently large.

Tt will be supposed, further, that the domain X is so chosen that all
the vectors

F{(p -+ ko), (ko)* 1 R (p + ko) (k=0 £1,£2,...)

are bounded whenever p= ¥ . Such a finite domain lies, for example, in
Re p » b;. Let us suppose that A(p) > ¢ > 0 for pe X . Let us solve,

in succession, the systems of equations arising from (1.5) and (1.7),
with determinants A_(p) as unknowns, by Cramer’s rule, it being under-
stood that all other terms in these equations are first transposed to the
right-hand sides.

In view of Theorem 2.1, we obtain, as y » e, in the domain Re p > b,
a solution for F(p) in the form of a certain infinite determinant divided
by A(p). Expanding formally this numerator determinant along the column
with components R(p + kw), we obtain the solution of the difference

equations (1.5) in the form
o0

F(py= 2 A™(p)Bi(p)R(p+ ok) (2.3)

K=o

where the elements of the matrices B,(p) are entire functions of p. From
the properties of the solutions of system (1.1) it may be asserted that
the series (2.3) converges for Re p5 b, and that it indeed represents
a solution of (1.5).

An approximate solution of the system (1.1) may be obtained by find-
ing the inverse Laplace transform of an approximate solution for F(p)
whose components are the ratios of finite determinants. In this way one
may seek a solution of the nonhomogeneous system (1.1) subject to initial
conditions.

3. Let us employ the methods of [4] to obtain another representation
for the determinant A(p). Let us factor out the terms along the main
diagonal of the determinant A(p). Let Ppls =1, ..., m h=1, ..., n)
be the roots of the equations afg(p) = 0. Then

[ee] m m n
ko) q00 AW AL i T
k=I]_m£II( )"l (p+ ok) = () sghlelsm;(w—psh) (3.1
Let us call the remaining determinant D(p). Since the product (3.1)
of the diagonal elements is convergent, it follows that the determinant

D(p) converges at all numbers which differ from the numbers Pohk’
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Ponic == Psh — kO (s=1, . ,m k=1, k0,251,252, (3.2)

The determinant D(p) is a periodic meromorphic function of p with
period w. Let us reduce it to normal form by the method of Section 2.
Then

D(p)Z1  for |Repl—>oo (3.3)

Suppose, for simplicity, that the numbers p_;, are all distinct (the
case where some of them coincide is con31dered in [2]) and we obtain,

from [4 1
D(p)=1+ 2 3 dncot(Z(p—pw)), 2 Nom=0 (3.4)
s=1 h=1 s=1 h=1

where the 8 , are certain constants. Let us express A(p) in terms of
D(p) and the product (3.1), setting, in (3.1) and (3.4)

o o
z:exp(—%p), zsh:exp(\—gpsh) s=1,...m h=1,..,p (3.5

Then
1 (3.6)
A (TJ‘U In A) = <23‘[l> " <HhH (zzsh —> { z— zll) (z - "12) (z - zmn) -+
+ 8011z 4 211) (2 — 210)- - (2 Zmn) +- - A B (2 — 201) (2 — 212)- - (2 + Zoan)

From (3.4) it follows that the braces contain a polynomial with the
leading term z®" and the constant term z;,z;,...z,,. Equating this de-
terminant to zero we obtain the characteristic equation for the multi-
pliers of the solutions of system (1.1). The factor in front of the
braces in (3.6) does not vanish for any finite value of p. From this it
follows that the Hill determinant A(p) of (1.8), times a certain known
multiple, may be expressed directly in terms of the coefficients of the
characteristic polynomial of the solutions of the system (1.1), due
account being taken of (3.5). The theorem is proved.

Theorem 3.1. The solution of the system of linear difference equa-
tions (1.5), which is bounded for Re p > b;, (b; = const), is uniquely
representable in the form (2.3), where the elements of the matrices
B,(p) are entire functions of p, and A(p) is an entire function of p
with period w, whose zeros are the characteristic exponents of the solu-
tions of the system of equations (1.1).

The last assertion of Theorem 3.1 has been known for a long time [1,
2 1. In these papers, and also in [5, 71, representations of the form
(3.6), or their modifications, are used to determine the constants d ;.
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In[6 1 the determinant A(p) is used for the solution of the equation
A(p) = 0. In Section 5 of the present paper a method related to that of
[6] is used.

4. Consider the linear differential equation with sinusoidal coeffi-
cients [10]

n k
S (@ + ae—o! + af-veot) 'Z_tg =g (t) (4.1)
k=0

where aij) are complex constants; ¢(t)<- g(p), where g(p) is a regular

and bounded function of p for Re p> b, Re w = 0. Let us seek the trans-
form f(p) of the solution y(t) (¢t > 0) with initial conditions

y(0) =y, ..., y»0(0) = yi~—v (4.2)

Let us assume that
|a@ | > 4aalD] (4.3)

that 1s, the coefficient of the highest-order derivative does not vanish
for any t. Let us introduce the notations

n n—1 n

fo(p)= 21 a@p%, Yo (p) = D2 D a@yPprit (g0, 4+1) (4.4)

k=0 j=0 le=j+1
The difference equation for f(p) takes the form

S i togf(ptog)=g@+ 2 b(p+go)=rp) (4.5)

g=-1 q=—1

Forming the ratio of infinite determinants, and expanding them (see
Section 2), we obtain the solution of (4.1) as a series

-t — f1(p+ o) B
f(p)—V(P){’(P) fo(P+(l))_S(p+m)<r(p+(D) (4.6)
fi(p+ 20) B B
T 20y —sp 52wy (" (P 20) )

falp—o) o fa(p—20) _ . k
T The—o)—h(p— o) <'(p_°’) T —20) =k —20) T (P—20) ))J"

where s(p) and h(p) are given by the continued fractions [8]:

Ji(p+ 0)f_1(p)
fi(p+20) /1 (p+ o)

—3w) f1(p—2
fo(P+2‘°)'—f1 (;’0 (p E)Q{Q;(ﬁ . ©)

s(p) =

Jolp 4 0) —

(4.7)
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B falp—o)fi(p)
h(p) = e —20) /i (p—a)
Jolp— 0)— Ja(p—30) f1 (p — 20)

PP 20) = G —30)—. ..

In view of (4.3), the continued fractions (4.7) converge for all
values of p to meromorphic functions [8,10 1. The representation of the
transform f(p) of the solution y(t) by means of (4.6) and (4.7) is very
convenient for the numerical computation of the solution of Equation
(4.1) in the special case when ¢(t) is a sum of terms of the form

cit'ie”i' | It should be noticed that all roots of the equation V(p) = 0
are characteristic exponents of solutions of (4.1). The converse is not
always true.

The equation for the characteristic exponents of the solutions, in
the form

V(p)=fo(p) —s(p)—h(p)=0 (4.8)

was obtained by Ince [11] for Mathieu's equation, and for Fquation (4.1)
by Patry [10 ], as a result of expanding the solution y(t) of (4.1) in a
Fourier series.

Example 1. [ 12]. Consider Mathieu’'s equation in the presence of
friction
d? d
E%+c£+m+ﬂhmmeO (c=0) (.9
The characteristic exponents of the solutions of Equation (4.9) are
obtained from the equation
B b2
V(P = folp) — 5 - N b -0 (1Y)
fo(P‘{‘z‘)—f:(p_%_éi) R i (P“"‘}—_fo(p——éi} —

where f,(p) = p2 + ¢p + a. Using (4.10), let us write the equation of
the boundary of the yth domain of instability of the solutions of Equa-
tion (4.9). Since at the boundary of the domain of instability one of
the characteristic exponents equals yi, where y is an integer, the de-
sired equation is V(yi) = 0. In particular, for y = 1 we obtain

b . iz - e (411)

a— 25456l —. .. |

a—14ci—

a—9-+3ci—

Equation (4.10) holds for finite a, b, ¢; it is also the equation of
all odd domains of imstability.
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5. Consider the system of differential equations of the form

O+ uN ()% 4 (C+pP ()Y = 0 (5.1)

where C = (ah s aees a)z) is a diagonal matrix, € > 0, ; 250G =
e, m), and p is a small parameter:

AY (T) — v _:\: &y "5‘" j\r'{fr‘] — ﬁ"’js{k) \hm ]
1"'}”{ (e=0,%1,..., =0 (3.2)
P (’C) . 2 P(lr)eik:’ P(lf) — ﬁ njs(k) glm

fe=sm
with complex constants vjafk), njs(k), and ! is a finite number,

Let us assume that 6 = 6, +u), (A= const), 6, > 0, and let us apply
Theorem 2.1, in order to obtain the characteristic exponents of the
solutions of Equation (5.1), as functions of the parameter u. Consider
the general case of resonance and the set of 2m numbers

Wy v 0ay &)m,‘“(z}l,».”“"(ﬂ-m {5:3)

Let us divide them into two groups, putting in one group all the
numbers (5.3) which differ among themselves by quantities k6, where k
is an integer. These groups are

(Prr: - Pagads -« o2 (Pazs e+ oy P:z?a} (Bet. .+ By =2m) (5.4)

Let p;), indicate one of the numbers (5.3); if this is the number o,

or @ ., then the symbol [7h 1 will indicate number s, where j de51gnates
the group number and A the number within a group.

Let us suppose that the Py aTe arranged in nonincreasing order for
h=1, ..., I and let us denote

K o= (pjn — pan) 07 Gomtyeen 0 Rl 3 (5.5)

ZPzre the numbers th are nonnegative integers satisfying 0 = k}l < s
JBj

Let us set p = ipjl +ipz, for j =1, ..., a, in the determinant A(p)
of (1.8). Since for Equation (5.1) we have (see Section 1)

Lo(p) = Ep° - pNOp - C 4+ pP®, L (p) = pNCD p + nP=a (g=20) (5.6)

then along the main diagonal there are terms of order y, and off the
main diagonal all terms are of order p.
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Let us make use of Note 2.2 of Theorem 2.1. In order to do this, con-
sider a sufficiently large determinant Ay(p) (see Section 2). It may be
regarded as an approximation to A(p). Regarding the equation A,y( ipj1 +
ipz) = 0 as an equation defining the algebraic function z(u), we obtain
from Newton’s diagram [ 9] that the characteristic exponents of the solu-
tions of system (5.1), pf(p), (G=1, ..., a; =1, ..., B;) may be

. . J J
expanded in series of the form

pie (1) = fpi + I (2 0 () ) (5.7)
where 0 ¢ > 0 in general fractional numbers, and the numbers Zjes for
j=1 .., a £=1, ..., Bj, are roots of the equations

Det | b + dgrijh — 0z |7 =0 (G =1,...,a) (5.8)
with
Ve, 1 ,
b = —Z yir)t - qlir e 5.9
sr ZVPjs [s8]Lir] ZVPjs 1 Pjr {is1lir] (5.9)
((G,r,8) = kjp — Ky O — Kronecker’s symbol

For the proof, let us mark the columns and rows which contain elements
along the main diagonal of the determinant (ip]-1 + ipz) which vanish
for p = 0. Consider the determinant formed by the intersection of these
columns and rows. This determinant differs only by an unessential factor
from the determinant (5.8). The remaining elements need not be taken into
account in a first approximation.

Knowing the numbers Zjg) we may seek to determine the stability of
system (5.1) in first approximation. Upon varying A we may determine in
the plane O wide domains of parametric resonance which are adjacent to
the frequency 6,. It should be noticed that the finiteness of I, y does
not influence the final formulas (5.8), (5.9). Consequently, the func-
tions N(r), P(r) may be regarded as of integrable square on the interval

[0,271.

Formulas analogous to (5.8), (5.9), for the canonical case of system
(5.1), have already been obtained by Iakubovich [14].

Example 2. Consider the system of equations

d*yy ’ dyy | dyz - 2 < - ] t==0
~ T n (eu i 4o g0 Tir) + @y %y1 4 2p (anyr -+ awaye) cos § (G.Ae;
d*y3
dis

- (821 —a—‘l;—lv + e ”%;/[2‘) L waZys -k 2 (anyr + Aauye) cO8 0F 0
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where €11s +++» agy are real numbers, and 00 = 0 + Wy, W > wy > 0,
In the notation of Section 5 we have
P11 = 0y, Prg = — W, O = Wy, (93 == — (U1, [11] [22] == “2] . [Zl] == .

ki =0, kpo =1, ks =0, kpa =1

Equation (5.8) for 211' zyo takes the form

If we require that the inequalities Im z;;, > 0, Im z;, > 0 hold for
every A¢(— o, oo} , we obtain the conditions

€11 > 0, Eay > U, £1180001Ma > M 1atlyy 1;). | _)

In view of the fact that the coefficients of system (5.10) are real,
Im z91 > 0, Im Z99 > 0; therefore conditions (5.12) are the conditions
for the asymptotic stability of the solutions of (5.10) for small values
of u.

In the equation A(p) = 0 let us make the following simplifying trans-
formation: let us divide the rows of the determinant by the elements of
the rows which lie on the principal diagonal of the determinant A(p),
with the exception of the rows in which these elements vanish for p = O,
p= lei' If we expand the determinant so obtained in terms of the first
order in p = Pjit przi, we must first seek the elements which lie on the
intersection of columns and rows passing through elements which lie on
the principal diagonal of AQD 11+ pzi) and vanish for u = 0. In the
following higher-aqrder terms there appear only elements lying in the
already-mentioned rows and columns. In particular, if in (5.1) the matrix
P(f0t) is self adjoint, then

O, O,

NO=0, p=1,l=00, 31=2, pu= 0y, p2=—0,, = =

(i.e. the relation w, + w, = kO, holds only for the given g, h, k), we

obtain an equation for p, written below, including third-order terms in

17.(
PR

(P + o + 1,0 ((p— kei)2 + mh2 + () — noh(k) T (R — (5.13)

m oo

1( ) g U
a3 Y 5T (ay 4’-"190)2 w2 %

r=1 j=—o0 r=1 j=—oo
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(—k—7) o (3 (J) ( —i)
Trg Thy N \ a0y,
- e ((p— ki o)
o, — (o, -+ 180)® h mngijgém(oﬁ (g _%,ewﬁ
x (KD vun
rh

V—H O
T 2 Z P TR

r=1 j=—00

where the prime indicates that the terms in the summations with zero de-
nominators are omitted.

If ngh(k)ﬂhg(”k’ # 0, then Equation (5.13) enables one to determine
two characteristic exponents which are near ia% up to second-order ferus.

By requiring thet Equation (5.13) have a multiple root near p = iw
we obtain the equation of the boundary of the domain of stability, up to
terms of second order with respect to n.

Jjs
Example 3. [13 1. Consider the equation

dry

= TP —eNY (5.1%)
where
Po=( @ U v=(Y 1y = % 3 cos §i o1 > 0 >0
0= 0 we )s AY = &i 0 ) ¥ ¢ I y 1 2
fo=oitwy k=1 wP=aP-—z = R A s B “"’%

we obtain that Equation (5,13), constructed for Equation (5.14), has a
multiple root provided that

3 i
6. —8Bo=+ = e
- ’ 2V o0 1600@rw:2

Baz+ B2+ ... (5.15)

For _< 6 < 6 the characteristic exponents have a nonzero real part,
and the solnt1ons of Equation (5.14) are unstable [13 1,

In conclusion, I wish to thank A.I. Lur’e for his suggestions and for
his help in connection with this paper.
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